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Exercise 4.12

i) Let f(t,x) = v/x. We have

8f_0 of 1 0*f 1

ot 0r 2T 012 Aux

and

(dry)? = o>rydt.

Applying It6’s lemma for o = 0, the differential of /r; becomes

1 1 1 o2
d\/?“_t = ——6\/T_tdt + —O'th - gfdt
2
- —= <6\/_+ —T) dt + EO'th.

ii) Let 7 =T —t. Applying a change of variable from u(t) to u(7) yields

du(t)  du(r)dr du(T)
dt dr dt dr
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and



and we obtain

du(t) o?
- = pu(r) + —u(7).

Now let f(t,x,y) = exp{—x(t)y}. We first note that (du(r))* = 0 and du(7)dr; = 0

since u(7) is a non-random function of time. The relevant partial derivatives are
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We set Y; = exp{—u(T — t)r:}, use that @ = 0 and apply 16’s lemma to obtain

1
dY, = —rYidu(T —t) — u(T = 1)Ydr, + u*(T = )Y, (dr,)?

2
= —nYiBu(T — t)dt = rYs S (T = t)dt + u(T — £)Y;rydt

1
—u(T — t)Yio/redW; + §u2(T — t)Y,0?r,dt
= —u(T — t)Yio\/rdW,

t
Y, = YO—/ w(T = 5)Y,o\/redW,.
0

Since It6 integrals are martingales with zero initial value, it follows that the differen-

tial of the expected value is

dE[Y7] = 0

EYr] = Eexp{-u(0)rr}] = Yo = exp{—u(T)ro}. (1)

Since u(0) = 6 is given, we only need to solve the ordinary differential equation
that defines u(t) to obtain the moment generating function of rr and account for
the negative sign inside the exponential. Since the ODE is a Bernoulli first-order

equation, we start by defining

v(t) = o) = u(t)= o) du(t) = — du(t).

Substituting into the ODE yields




v2(t) dt v(t)  20%(t)
du(t) o2
o = But)+ < (2)

Equation is now a linear ODE and we multiply both sides by the integration

factor e Pt to obtain

2
e Pt dzgt) Be Plu(t) = e_ﬁt%
d(eBt 2

(e v(t)) I

dt 2

/ d(e () = / e—f@t(j;dt

o2
e Pty = ——=e P+ C.
We substitute back to obtain the solution for w(t)

1
o2 '
—% + eﬁtC

u(t) =

Using u(0) = 0 allows us to solve for the integration constant C'.

1 1+ 2.6
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Substituting back into Equation and simplifying yields

1
U(t) = . ) 029
23
_;_5 + e,ﬁtT

e Pty

1+ %9 - e—ﬁt%@




Equation (1) can now be written as

E [exp {~0rr}] { 0 } @)
exp {—0rr}] = exp{ ——— ———T0 (-
]_ + %0 — € BT%G

The first two derivatives of this expression w.r.t. 6 are

e PT (1 + %9 - 6_’BTU—29> — e PTY <% — e_fBTU—Q)
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We note once again, that Equations and are not moment generating func-

tions due to the minus sign in the exponential. We thus define 6 = —6 such that

E [exp {érT}] is the moment generating function. We furthermore note that

0 . 0 00 0
aé]E [exp {QTT}] = %E lexp {Or7}] Pl —%E lexp {Ory}]
0? . 02 20  9*
aéZ]E [exp {QTT}] = —@E lexp {Ory}] i %E lexp {Orr}] .

Evaluating these two derivatives at 0 = 0 yields the first two moments

) R
Ef[rr] = aéE [exp {GTT}] T e Ty
82 R 0_2
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E[r}] = 892E [exp {HTT}] é:o_e 3 (1—e™)ro+e To-
The variance of rp is then given by
Var[ry] = E[r7] — (E [re])?

2
= e_BT% (1 — e_BT) ro-



In order to compute the probability P [rr = 0], we first need to determine the type
of distribution that 77 follows. We start by making the substitution = —%9 in

Equation to get

20 - e T2y
E €exXp EQTT = exXp WTO .

Next, we make the substitution § = 10(1—eT), ie. 0 =20(1— e*ﬁT)_l and

obtain

4B8e—PT
4ﬁ ~ . 02<176_ﬁT)
E |:6Xp {WQTT}} = €exXp wro

Finally, setting A = 48e"T (o2 (1 — e‘ﬁT))_1 ro, We get

A A0
E {exp {mQTT}} = €Xp {m} .

We require 7y # 0 and see that the moment generating function of Arp (e_BTTO)_l is
the same as the moment generating function of a non-central chi-square distribution
with zero degrees of freedom and non-centrality parameter A > 0. The uniqueness
of the moment generating function implies that Arp (e‘ﬁTrg)_l has a non-central
chi-square distribution. As shown by Siegel (1979)E|, the discrete probability mass at

zero is given by

—BT
IP’[ ATz :O} :eékzexp{—u}.

e~ Ty, 0% (1 —eAT)
Given that § > 0, we have A > 0 and the scaling has no impact on the probability

mass at zero. In this case, we can conclude that

2Be Ty, }

Plrr =0] = exp{—m

Siegel, Andrew F.: The Noncentral Chi-Squared Distribution with Zero Degrees of Freedom and
Testing for Uniformity; Biometrika, Vol. 66, No. 2 (August 1979), pp. 381-386



Exercise 5.1

The portfolio value at time ¢t is given by V; = m;B; + n.S;. By definition, a portfolio is

self-financing if

i)

i)

d‘/;g = ntdSt + mtdBt = ntdSt + 'r’mtBtdt. (5)

We have n; = 1 and search for a predictable process m; such that the portfolio is
self-financing. Applying [t6’s product rule, we can compute the differential of the

portfolio value with n; = 1 for general m; as

d‘/t = dSt -+ Btdmt -+ mtdBt —+ (dmt) (dBt>

= dSt + Btdmt + TmtBtdt. (6)

Here, we have used that the cross variation of m; and B; is always zero since B; is a
non-random process of time. In order to have equality between Equations (@ and ,

we thus require dm; = 0. It follows that m; has to be a constant, i.e. m; = mg € R.

We follow the same steps as in part (i) and start by computing the differential of the

portfolio value with n; = f(f S, du for general m;

d‘/;g = Stdnt + ntdSt + (dnt) (dSt) + Btdmt + mtdBt + (dmt) (dBt>

= SZdt + ndS, + Bidmy + rm, Bydt. (7)

The self-financing condition is the same as in part (i). In order to have equality

between Equation and , we require

t
Stzdt + Bidm; =0 & my = Mg — / SZB_T“du.
0

Exercise 6.17

(i) The American digital call has fixed payoff of 1$ if the barrier is being triggered

before maturity and zero otherwise. It follows that its price has to satisfy V; < 1.



(i)

Furthermore, if S; > K, the immediate exercise of the call would pay the owner the
current intrinsic value of 1$ and thus its price has to satisfy V; > 1 in this situation.
Combining these two arguments, we see that the price of the American call has to be
equal to the intrinsic value of 1$ if S; > K. Since it is optimal to exercise American
derivative securities, when their price is equal to the intrinsic value, it follows that
it is optimal to exercise the American digital call at the first time that the level K

is reached.

We first need to derive the first passage time density of a drifted Brownian motion
to an upper level m > 0. From Theorem 3.7.1 in Steven Shreve’s book “Stochas-
tic Calculus for Finance II”, we know that the first passage time of a non-drifted

Brownian motion to this level has the distribution function and density

2 0 y2 m m2
P{r, <t} = —/ e zdy, f. (t)= e 2t
2 - t\ 27t

Let W(t) be a non-drifted Brownian motion under the risk-neutral measure P. We

now define a new Brownian motion W (t) by

A ~

W(t)=W(t) +0t, 0eR

Note that W(t) has a non-zero drift under the risk-neutral measure. Define the

Radon-Nikodym derivative process Z(t) by

Z(t) = exp {—QW(t) — %9%}

By Girsanov’s Theorem, W (t) is a Brownian motion under the probability measure

P defined by

It thus follows that



(iii)

P{r, <t} = E <]
1

= E|=——=I
Z(T) “mﬁ}]

[ . 1
= E|exp {GW(T) — 592T} ]I{qu}]

[ . 1

= E|E [exp {QW(T) — 5(92T}‘ F (T A t)] ]I{Tm<t}:|
T ) 1

= K exp {9W (Tm A t) — 592 (Tm A t)} H{ngt}]

= K

[ 1
exp {0m — 5027'”1} H{ngt}]

/t m { m2 — 2mls — 0?s> }
= exp 4§ — ds
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Taking the first derivative w.r.t. ¢ finally yields the first passage time density of

W(t) to the level m under P

A m (m — 0t)°
Jrn(t) = t\/Q_MGXP{_T}

In order to determine the level m, we first set

1
r 20’

g

9:

The solution to the geometric Brownian motion SDE is then given by

S(t) = S(0) exp { (7’ _ %ﬁ) t+ UW(t)} = 5(0) exp {oT¥(1)}

The spot price at time t triggers the barrier if

) In (5;)
St)y>B < W(({t)>——"==m
o
Under the risk-neutral measure, the current price of the American digital call is the
expected discount factor of the first passage time to the barrier level m conditional

on the barrier being triggered before the maturity. We get

8



V(O) = E[e_TTm]I{ngT}]

T 2
am (m — 6t)
= e expq ————— o dt
/o tv/2mt P { 2t

Now let « =gl = r — %O’Q. We substitute for m to get

2
() [ (n(e) =)
= e"m——Lexpl — dt
/0 ot\/2rt P 202t
B 2( B B
/T o lIl <W) 111 <W> -2 ln <m) ot + O{2t2 dt
= e"m——Lexp{ —
0 ot/ 27t P 202t
p\Z (Th (%) In (%) + (a? + 20%r) 12 "
B go /0 ot/ 2mt P 20t
Now let f = Va2 + 202r, then
B\E (Tl (%) In? (%) + B2
= | = / ——Z exp — dt
(50) 0o ot\V/2mt 202t
a B 2 B B
= | = —— L exp{ —
So o ot\2mt P 202t

(E) ats /T In (%) . <ln <%> + 515)2 .
We note that

i (5fy) _In(sty) -t n(sty) + 2t (8)
ovi 20/t 20Vt

and can thus split up the integral into




2
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We now evaluate these integral separately. For both integrals, we apply a change of

variable from ¢ to x4 by setting

In (%) L0t gy, In (%) T Bt
oVt ’ . 20t\/t

This suggests, to use the positive version of the first integral and change the variable

.T:t(t) =

to x, and the negative version of the second integral in combination with change
of variable to x_. This approach eliminates all terms depending on t inside the

integrals. We further note that lim,, o = co. The first integral becomes

20t/ 27t P 202t

(E)W/Tln<%>—ﬂtex _(111(%)—#502 Y
0
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So

The second integral becomes
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So 20t/ 2t 202t
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Thus, the value of the American digital call is

V(0) = (S%)WN (m (%BT_ ﬁT) + (%) H N (hl (%i/); 5T)

o
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