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Exercise 4.1

This proof is fully analogous to the one of Theorem 4.2.1. We want to show that for

0<s<t<T

E[1(t)|F(s)] = 1(s).

Assume again, that the s € [t;,t;41) and ¢ € [ty, tx41) for [ < k. We start by splitting

up the sum into an F(s) measurable part and a part independent of F(s) and obtain

I(t) = A () [M () = M (8)] + A () [M (tia) = M (4)]

£ A () M () — M (1)) + A (1) [M(t) — M (1)

j=l+1

The first sum is F(s) measurable. The conditional expectation of the second term is

ELA (t) [M (tsa) = M (@)]] F(s)] = A ) [E[M (te)] F(s)] — M ()]
= A(t) [M(s) = M (1)].
Here we have used that M (t;) is F(s) measurable. Furthermore, the martingale

property of M(t) implied that E [ M (t;41)] F(s)] = M(s). The conditional expectation of

each element of the second sum is
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http://www.matthiasthul.com.



E[A () [M (tjr1) — M (t)]| F(s)] = E[E[A ) [M (tj) — M (¢)]| F ;)] F(s)]
= E[A®) [E[M 40| F (&)] — M ()] F(s)]
= E[A () [M (t;) — M (t;)]] F(s)]
= 0.
Here, we first used the tower law of iterated conditioning, then took out all F (t;)

measurable terms from the inner conditional expectation and finally used the martingale

property of M (t) again. The same steps can be used to show that

E[A () [M(t) = M (t)]| F(s)] =

It follows that

-1
E[I®F(s)] = ZA (t5) [M (tj11) = M (8)] + A (1) [M(s) = M (4)]
= 1I(s) (q.e.d.)

Exercise 4.4 (Stratonovich integral)

(i) Since the elements in the sum are independent, we start by computing the mean
and the variance of (W (t;‘) - W (tj))Q. This is completely analogous to the proof
of Theorem 3.4.3.

(W () -W )| = Var[W(5) - W)=t -1
E[(W(5) - w )] = B[V () - W) =80 -1)°
Var |(W () =W ()] = 3(6-4)" = (- 1) =2(t; - 1))’

Here, we have used that the forth moment of a normal random variable is three

times its variance squared. The mean and variance of Q12 are then given by

E [Qujs] = fE[(W(t;)—W(tj)ﬂ
— Zt*—t —Z J“z_t _%T

7=0



Var [Qup] = 3 Var [LaGEEY

Jj=0
n—1 n—ll
* 2 2
= 2@—@): Q@H—@)
j=0 j=0
11| &= 1
< o 2 §(tj+1 t;)
Jj=0
1
lim V: = 0--T=0 ed
m Var [Qnys] > (aed.)

Since the expected value of Q)2 is the same for all partitions, but the variance as
limit zero when the maximum partition size gets smaller, we can conclude that Q2

has limit %T.

(ii) We expand the sum in the definition of the Stratonovich integral and add the terms

necessary to obtain an Ito integral over the partition Qr/o.

/ ' W(t) o dW (¢)

= dm SW(E) (W () — W (1)

o & M
- H%ﬁ?lo;f V()W () = W ()W (1) £ W (1) £ 2W (1) W (1) £ W (1,)°}
_ H%ﬂo:{w(t;)w(%)—W(t;)z}+H1111|1|20n§+§{w(tg)W(t;*) ~ W)’}
i, SV ) -2 W )+ (5))
_ OTW(t)dW(t)JrHllIiﬁgO;i:(W(tj)Q W(t;)2)2
_ %Wz(T) (qe.d.)

In the last step, we have used the result that fOT W(t)dW (t) = sW(T) — 3T, as
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e.g. shown in Example 4.3.2 and the quadratic variation of the Stratonovich integral

that we calculated in part (i).



Exercise 4.5 (Solving the generalized geometric Brownian motion
equation)

Let f(t,z) = Inx. We have

of _, of _1 &f_ 1

ot oxr x 02 a2

and

(dS(1))* = o(t)S%(t)dt.

Applying 1t6’s lemma, the differential of the log stock price d1n S(t) becomes

dlnS(t) = df(t,S(t))
1 11 2

— a()dt+ o)V (1) — 202 (t)dt

2
_ (a(t) _ %a%)) dt + o (H)dW (£).
In integral form, we get
InS(t) =1In S(0) —I—/O (a(s) — %02(3)> ds +/0 o(s)dW (s). (1)

Taking the exponential yields

S(t) = S(0) exp { /0 t (a(s) _ %oﬁ(s)) ds + /0 ta(s)dW(s)} |

The distribution of S(¢) will in general not be log-normal. In order to have log-
normality for S(t), we require In S(¢) to be normally distributed. By Theorem 4.4.9, the
It6 integral in Equation (1)) is only guaranteed to be normally distributed if a(t) and o(t)

are deterministic functions of time. In this case

InS(t) ~ N ( /O t (a(s) _ %ﬁ@)) s, /0 t 02(s)ds> |

Note that this includes the less general case of a Geometric Brownian Motion with
a(t) = @ and o(t) = 4, i.e the drift and diffusion coefficient being a constant as it is

assumed in the Black-Scholes model.



Exercise 4.6

Let f(t,z) = S(0)e”. We have

f@), 2L = ja)

af _
ot

of _

0 —
T Ox

Now define

X(t) = (a — %02) t+ oW (t).

By the It6 formula, the differential of S(t) is given by

dS(t) = df(t, X (1))
_ SMdX(t) + %S(t)dX(t)dX(t)
= aS@yﬁ-%a%xwdt+aS@ywva)+%a%xwdt
— aS(t)dt + oSV (2).

Now let f(t,z) = xP such that

ﬁ =0 g = pyrP 1 o' f

ot~ ox MU o2
Using the It6 formula to compute the differential of d (SP(t)) yields

=p(p— 2"

A(S7(t)) = d(f(t5(1)))
= PSS + gp(p— 1S A(0)AS(HAS ()

— apSP()dt + opSP(E)dIV () + %UQp(p )R8t
= (a + %(p — 1)) pSP(t)dt + opSP(t)dW (t).
Exercise 4.7

(i) Let f(t,r) = z*. We have

02 f

da?

of _
ot

0, g = 423, = 1222
ox



Using the It6 formula to compute the differential of d (W*(t)) yields

d(Wt)) = AW3(t)dW (t) + 6W>(t)d

W(t) = /W3 t)dW (¢ +6/ W2(t)

Note that there is in general a constant of integration in the second equation. But

since W4(0) = 0, we omitted it directly.

(ii) Taking expectations on both sides and using that an It6 integral is a martingale that

starts at zero yields

E[W*t)] = 4E {/OTWB(t)dW(t)}—FGE UOTWQ(t)dt]
= 6/OTIE[W2(t)] dt:6/0Ttdt

17
= 6‘—752 =37"  (qed.)
2
iii) Let f(t,z) = 2°. We have
(iii) Let f(t,z)
of _ of .5 f
ot =0 5p =00 g =30t

Using the It6 formula to compute the differential of d (W°(t)) yields

d(WO(t)) = 6W>(t)dW (t) + 15W*(t)d

we(t) = /W5 t)dW (t +15/ WA(t)

Taking expectations on both sides and using the result in part (ii) yields

E[Wt)] = 6E { /0 TVW(t)dW(t)} + 30E { /O TW”‘(t)dt]

T T
= 15/ E [W(#)] dt:15/ 3t%dt
0 0

= 15|8; = 157"

o



Exercise 4.8 (Solving the Vasicek equation)

(i) Let f(t,x) = e’*z. We have

of

of _ of _ w O
ot

or ¢ oV

pr(t, ),

Using the It6 formula, we can compute the differential of d (eﬁtR(t)) to be

d(e”R(t)) = df(t,R(t))
= B R(t)dt + PP dR(t)
= B’ R(t)dt + ePladt — Be® R(t)dt + e”'adW (t)

= Pladt + P lodW (t) (2)

(ii) Integrating Equation yields

t t
AR(t) = R(0)+ /0 ePodu + /O ePlodW (u)

= R(0)+ « %65“ i + U/Ot e dW (u)
= R(0)+ % (e’ —1) + 0/0 e dW (u)

Thus, R(t) is given by

t

R(t) = e P'R(0) + % (1—e ")+ e‘ﬂta/ e dW (u)
0
This is the same expression as given in Example 4.4.10.

Note that the solution strategy employed is very common for stochastic differential
equations with a geometric drift term. Let Xt) = «a(t)X(t)dt + .... Then by

computing the differential of e~*®*X (t), we can remove the geometric drift.



Exercise 4.9

Cp = % [aN (dy) — Ke "N (d_)]

= N(dy)+aN'(dy) o~ -
Here, we used that
ody  0d_ 1
Oz or  xzoy\T

as well as the result from (i).

(iii) First, note that




%i: = %N% {m (%) + (r:l: %(;2) (T - t)]
- m {m (%) + (ri %UQ) (T—t)} .

and consequently

We thus get

¢ = % [N (dy) — Ke " T IN (d_)]

= zN'(dy) % —rKe "IN (d_) — Ke "IN (d_) a(‘;Lt_
= zN'(dy) (% — %) —rKe " TTON (d_)
o
= — / —rKe "TON (d_
2\/T——tN(d+> rne N(d) (qed)

(iv) We first need to compute ¢,x, i.e. the gamma of the option.

ad, 1

Cr =N ) 50 = o7

N'(d+)

Substituting into the PDE yields

1
ci(t,x) + raee,(t, x) + 50209517(15, x) —re(t, )

= — TN (dy) — rKe TN (d) + raN (dy) + —— N

2VT
+rKe "N (d-)

2VT

= 0 (q.e.d.).

(dy) —raN (dy)



Exercise 4.11

When dynamically replicating an mispriced option in the Black-Scholes model, we have to
decide upon which volatility to use to compute the hedge ratio. In this case, the market
uses a volatility of oy to price the option at all times ¢ € [0,7]. Knowing that all model
assumption hold but with the actual volatility of the underlying diffusion being o9 > o7y,
we will enter a long position in the underpriced european call option and dynamically
delta hedge it by shorting A(t) = % shares of the underlying. But since the delta itself
depends upon the volatility, there are two possibilities to do this: Either we use the
market implied volatility (o7) or the actual volatility (o2) to compute the hedge ratio.
These two approaches will in general lead to different returns. As implicitly suggested by
the exercise, we will use the delta calculated based upon the implied volatility to hedge

the long position in the european call option.

Let f(t,z) = e "x. We have

o __ Of _ o Of
at - rf(t7$)7 ax =€ ) axz

Apply It6’s lemma to the differential of the discounted portfolio value d (e X (¢))

=0.

d(e™™X(t) = df(t,X(1))
= —re "X (t)dt +e " dX (1)

= e (—rX(8)dt + dX(1)). (3)

We furthermore note that the differential of the call option price dc(t, S(t)) evolves

according to

Oc Oc 1 9%¢c
de(t, S(t)) = —dt + 2=dS(t) + 57 (

de 1 d*c dc
- (% + 5"552“)W> dt + S =dS(t). (4)

ds(t))*

Plugging the given differential of the portfolio value and the differential of the call
option price in Equation back into Equation yields

10



2
d(e"X(t) = e |:—7“X( )dt + (gi ! 055 (t )352) dt + g—;dS( t)
dc Jc
—%dS( )+ rX(t)dt —re(t, S(t))dt +rS(t )%dt
1 &c
) (03 —ot) S*(t )@dt}
dc 1 d?c dc
_ —-rt | 7~ - 2Q2 - -
= e [8t+201s (t)852+7“5()88 re(t, S(t ))} dt.

We note that the call price ¢(¢, S(t)) is a specific solution to the Black-Scholes PDE

where the volatility is equal to oy

Oc dc 1 4, _
0 (026 + LA O et S10)

for the payoff-specific terminal condition ¢(7", S(T")) = max(S(T)—K,0),S(T") > 0 and
the boundary conditions c(¢,0) = 0,0 < ¢ < T and limg)—e0 {c(t, S(t)) — (S(t) — Ke"T1)} =
0,0 <t < T. Using this result, it directly follows that d (e "X (t)) = 0.

Exercise 4.13 (Decomposition of correlated Brownian motions
into independent Brownian motions)

The differential form of By(t) and By(t) are given by

dBQ(t) - dW1 —|— \ 1 - dW2

This allows us to express the differentials of W;(¢) and Wy () in terms of the changes

in the correlated Brownian motions Bj(t) and Bs(t)

p(t) 1
dWs(t) = ———Z—dB(t) + ———=dBs(t). 5
2(t) 0 1(t) =0 2(t) (5)
We have to show that these two processes are independent Brownian motions. While it
is obvious that W (t) is a Brownian motion since it is just equal to B;(t), we have to check

if this also holds for Wy(t). According to Lévy’s theorem, any continuous martingale M ()

with M (0) = 0 and quadratic variation equal to [M, M|(t) =t (i.e. dM(t)dM(t) = dt) is a

11



Brownian motion. Furthermore, according to the extended Lévy theorem, two Brownian

motions, with zero cross variation (i.e. dW;(t)dW(t) = 0) are independent.

(i) Continuity:

The continuity of Ws(¢) follows from the continuity of the two Brownian motions

B (t) and Bs(t). To see this explicitly, we write down the integral form of Equation

to get

Wi (t dB (s dBs(s). (6)

)=o)~ [ 2D+ [
0 V1= () 0 V1- ()
Since an It6 integral is a continuous function of its upper limit of integration, Ws(t)

is continuous as well.

(i) Martingale property:
The martingale property of Wy(t) directly follows from the absence of a drift term
in Equation or its representation as an Ito integral in Equation @

(iii) Starting at zero:
Given the information in the exercise, we can’t show that W5(0) = 0. When in-
tegrating Equation (), we have to add a constant of integration that might take

any value in R. Similarly, we could argue that in the equation for dBy(t), only the

differential dW5(t) and thus its initial value does not matter.

iv) Unit quadratic variation:
q

The quadratic variation of Ws(¢) can be computed as

dWa(t)dWs(t) = 1 f /()?(t)dt Tz 1p2(t)dt a 215—,(0?(1?)&
1—p*(t) ,
1_—/)2(t)dt =dt (q.e.d.).

and it follows that [Wa, Wa(t) = t.

12



(V) Zero cross variation:

Using dB;(t)dBy(t) = dt and dBy(t)dBy(t) = p(t)dt, the instantaneous cross varia-
tion between Wi (t) and Wh(t) can be computed as

AW, (AW (t) = — 1'0_(t/))2(t>dt+ 1‘ft;2(t)dt:o.

This establishes that Wi (t) and Ws(t) have zero cross-covariance. An alternative

proof of this result directly computes dB;(t)dBs(t)

dBl(t)dBQ(t> - dt + vV 1 - dWl dW2

This equation is only equal to p(t)dt as given in the exercise, when

V1= p2(t)dWy(t)dWy(t) = 0.

Since p € (—1,1), the square root term can never be equal to zero and we conclude

Exercise 4.15 (Creating correlated Brownian motions from inde-

pendent ones)

(i) Similar to Exercise 4.13, we use Lévy’s theorem to show that B;(t) is a Brownian
motion for each ¢ = 1,...,m. Since W;(0) = 0 for each j = 1,...,d, it directly
follows from the definition of B;(t) that B;(0) = 0. Furthermore, due to its repre-
sentation as a sum of It0 integrals, we obtain both the continuity and the martingale
property. It remains to show that B;(t) has quadratic variation [B;, B;|(t) = t or
equivalently that dB;(t)dB;(t) = dt. In differential form, B;(t) is

oy (1)dW;(t)

,_.
<~
S—
<.
Il Q
—
o
<

13



Using the independence of the d-dimensional vector of Brownian motions, we get

d 4 52
dB;(t)dB;(t) = 021(t) Z o (t)dt = %dt =dt (qed.).

(ii) Again using independence we get

d
1
dB;(t)dBy(t) = > ook (t)dt = pi(t)dt.
7j=1

oi(t)oy(t) —

Exercise 4.16 (Creating independent Brownian motions to repre-
sent correlated ones)

In differential form and using matrix notation, we have dB(t) = A(t)dW (t) or dW(t) =
A~1(t)dB(t). We use the multidimensional Lévy theorem (a straight forward extension
of Theorem 4.6.5) to show that W (t) is a vector of independent Brownian motions. We

need to check the following conditions:

e Martingale property:

Since we can represent W (t) in terms of an integral constant plus and It6 integral

W(t) = W(0) + /0 ANwdBu) & Wit)=Wi(0)+ Y /0 a7 (u)dB;(u)

it follows that each element W;(t) of this vector is a martingale (Theorem 4.3.1(iv)).

e Continuity:

By Theorem 4.3.1(i), It6 integrals have continuous sample paths.

e Starting at zero:
Similar to Exercise 4.13(iii), we can’t show that W(0) is a vector of zeros. In the
first point, we could choose the integration constant W (0) arbitrarily as only the
change dW(t) is relevant in the definition of B(¢). However, the exercise is only
asking for the existence of a vector of Brownian motions W (t). Thus, by setting

W(0) = 0 we can find such a vector.

14



e Unit quadratic variation and zero cross variation:

We need to show that each W;(t) has unit quadratic variation but zero cross variation
with any other W;(t) for j # i or equivalently that dW (¢)dW7(¢t) = I where I is

the m x m identity matrix. This can be easily done using matrix notation. We get

dW () dW™(t) =

Exercise 4.17 (Instantaneous correlation)

(i) We first note that

Bi (to+€) Ba (to + €) = By (to) Ba (to) + / " BA(5)Bas)) .

to

By Corollary 4.6.3, we have for the differential of the product of the two Brownian

motions
d(Bi(t)Ba(t)) = Buo(t)dBi(t) + By(t)dBs(t) + dBy(t)dBs(t)
— By(t)dBu(t) + Bi(t)dBs(t) + pdt.
Thus,
B (to+€) Ba (to+ €) = By (to) Ba (to) + / N Ba(s)dB(s) + / N By (8)dBa(s) + pe
and

15



E [Bl (to + 6) BQ (t() + €)| F (to)] = Bl (to) B2 (to) -+ pPE

where we used that the two integrals are independent of the filtration F (¢y) and

that by Theorem 4.3.1(iv) It6 integrals are martingales. Finally,

E[(By (to + €) — Bi (to)) (B2 (to + €) — Bz (to))| F (to)]

= E[Bi(to+¢) Ba(to + €)| F (to)] — E[Bi (to + €) Bz (to)| F (to)]
—E[Bi (to) Bz (to + €)| F (to)] + E [ B (to) Bz (to)| F (to)]

= By (to) By (to) + pe — Ba (to) E[By (to + €)]
— By (to) E [By (to + €)] + By (to) By (to)

= pe. (q.e.d.)

(ii) The means are

Mi(e) = E[X;(to+€) — Xi(to)| F (to)]

to+e
to

= 0Ose (q.e.d.).

Where we again used that the Riemann integral is deterministic and that the Ito

integral is a martingale with zero expected value.

The variances are

Vile) = E[(X;(to+€) — Xi (to))*| F (to)] — M} (e)

to+e to+e 2
to to
to+e to+e
to to
to+e
= / oldu
to

= ol (q.e.d.).

(2

= E — @?62

( /t :W a,;dBi(u)) 2]

16



Here, we used that the increment in the It6 processes is independent of the filtration
F (to) in the second step. We can take the deterministic time integral out of the
expectation in the third step and again reply on the martingale property of the Ito
integral in the fourth step to eliminate this term. We further use the It6 isometry
(Theorem 4.3.1(v)) to transform the squared It6 integral into a Riemann integral in

the fourth step.

The covariance is

Cle) = E[(X1(to+e€) — Xi(to)) (X (to+€) — Xa(to))| F (to)] — Mi(€) Ma(e)

- E K /:H Ordu + /tot0+6 UldBl(u)> ( /t " Oadu + /t0t0+€ Ude2(u)>] — ©16,¢"
_ < /:“ @1du> E [ /t o agdB2(u)} n ( /:ﬂ @gdu> E [ /t:W oldBl(u)}

+E K /t:w aldBl(u)) ( /t:0+6 ade2(u))}
5 [([ mani) ([ )]

In order to solve the remaining expectation, we first define for ¢t > ¢,

L) = / CodBiu) = dIi(t) = 0B

to

By the Ito product rule, we have

d(L1(t)12(t)) (t) = L(t)dL1(t) + L (t)dIx(t) + dI (t)dIx(1)

L(t)a(t) = Il(to)fz(to)Jr/t d (11 (u)Iz(u))
= /tlg(u)dfl(u)—i-/t Il(u)df2(u)+/t poioadu.
Thus,

17



to+e
Cle)=E[L(to+€)Ir(to+¢)] = / po10adu = poioge. (q.e.d.).

to

Consequently, we have for the correlation between the increments of the It6 processes

Cl(e _ poioge
e etote

(iii) We have

Mi(e) = E[X;(to+e) — X ()| F(t

0)]
_E [ /tot0+€ O, (u)du + /:ﬁ o1 (u)dBi(w) ]—"(to)}
_E [ /t:w 0, (u)du ]-"(tg)] |

We first note that by Definition 1.2.1, the real constant M can be considered a
(trivial) random variable as well. Here {M € B} = ), i.e. we do not learn anything
about the particular outcome w € ) by observing M. We now apply the dominated

convergence theorem (Theorem 1.4.9) to the sequence of random variables

that is bounded in absolute value by M. We have

lim ~M(e) = LmE[I(e)] F (t)

el0 € €l0

= E |:161¢I(I)1 I(e)

F @)

- E [nml [7(0) +I' (0) e + 0 (€)]

el0 €

= E[6;(to)| F (to)]
= 0;(ty) (q.e.d.).

F @)

Here, we used a Taylor series expansion of the integral around € = 0 where 7(0) = 0

and ]/(0) = @z (to)

18



(iv) Similar to the hint, we define for ¢ > ¢,

Yi(t) = / o4(u)dBi(u)

to

and get

Dij(e) = E[(Xi(to+¢) —X; Eti)e) (X (to +€) — X (to))] ]:(?;ol]e— M;(€)M;(e)
= E KY (t0+e)+/t0 @Au)du) (Yj (t0+e)+/t0 @j(u)du) f(to)]
MM °

= E[Yi(to+ Y (fo+ )| F (k)] + (/ e@j(u)du)E[Yz‘(toJFEN}—(to)]

to

+ (/tOJrE @i(u)du) E[Y] (to + €)| F (to)]

to

= E[Y;(to+€)Y; (to + €)| F (to)]

Here, we followed the same main steps as in the derivation in (ii). We now apply

the Ito product rule again to compute the remaining expectation and get

Dy = [ [T vav+ [T v@aw s [ avwaw

to to to

7 w)
- ] [ et

to

F (to)} :

We now apply the same limit argument as in (iii) and start by defining the sequence

of random variables

to+e
Iy(e) = - / pig()ors(w)o ()

€ Jio

that is bounded in absolute value by M?3. We get

19



1
lim ~Dyj(e) = LmE [I(€)| F (to)]

= E {16%1 I(e)

F (to)]
_E {lifél % [1(0) + I'(0)e + ofe)]

= Elpi; (to) oi (to) oj (to)| F (to)]

= pij(to) oi (to) 0 (to)  (q.e.d.).

F t)

(v) We showed this already implicitly in the derivation of the means and covariances.

We have

Dij(e) = E[L;(e)] F (to)]
= E[1(0) + I'(0) + o(e)| F (to)]
= E[pi; (to) 0i (o) ; (to) € + o(e)| F (to)]
= pij (to) i (to) 7; (to) € + o(e)

€) = ot (to) € + ofe fori=j==k
{ () = o2 (o) € + 0(c) j et

C(e) = p(tg) o1 (to) o2 (to) € + 0(€) for i # j

(vi) Finally,

lim o _ lim —" (to) o1 (to) o2 (to) € + o(e)
0 \/Vi(e)Va(e) 0 /(02 (to) € + o(e€)) (03 (to) € + o(€))
— lim?” (to) o1 (to) o2 (to)

= ot (qed).

~—

=

+ o(e)

Exercise 4.18
(i) Let f(t,z) = exp {—0z — (r + 162) t}. We have

B 1 ) 0?
a_{ _ <T+ 5(92) flt, ), 8_£ =—0f(t,z), a—x‘]; =0*f(t,z).

[t0’s lemma yields
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(i)

(iii)

dct) = df(t, W(t))
- (r T %e?) C(t)dt — OC(t)dW (t) + %926 (t)dt
= —r(t)dt — 0¢(t)dW () (qe.d.).

By It6’s product rule (Corollary 4.6.3) we get

t

d(C()X[@) = ((t)d

X(t) + X (1)dC(t) + dX (t)dC(t)
= () X(

) +
t)dt + C(t)A(t) (o — r)S(t)dt + C(t)A(t)aS(t)dW (1)
—OC() X Q)W (1) — r((H) X ()dt — OC(H)A(t)oS(t)dt
= () (A(1)aS(t) —0X (1)) dW(?). (7)

In the last step, we have used the fact that fc = a — r. Equation ([7)) shows that
¢(t)X (t) is a martingale, since all dt-terms vanish in the differential. Equivalently, we

could express ((t) X (t) by a single It6 integral. Since all Ito integrals are martingales,

so is C(t) X (t)

()X / (s 60X (s)) dW(s).

First, note that

¢(0) = exp{—0W(0)} =

Now let A(t) be an adapted portfolio process such that, X(7) = V(T), i.e. the
final value of the trading strategy is equal to the final value of the F(7") measurable

random variable V(7). As has been shown in (ii), {(¢)X () is a martingale, i.e.

ECOX@)NF(s)] = ((s)X(s), s <t

We obtain



Exercise 4.19

(i)

(i

(iii)

By Lévy’s theorem it is sufficient to show that B(t) is a continuous martingale start-
ing at zero with unit quadratic variation in order to establish that it is a Brownian
motion. We first note that B(t) is an It6 integral with B(0) = 0. By Theorem 4.3.1,

It6 integrals are continuous martingales. The quadratic variation of B(t) is

(dB(t))* = (sign (W (1)) dW (t))* = sign® (W (t)) (dW(t))* = dt
and it follows that it is a Brownian motion.

We have

d(Bt)W(t)) = B(t)dW(t)+ W (t)dB(t) + dB(t)dW (t)
= B(t)dW(t) + W (t)sign (W (t)) dW (t) + sign (W (t)) dt

and since B(0)W(0) = 0 we get

Bt)W(t) = /OB(s)dW(S)—i-/O W(s)sign(W(s))dW(8)+/0 sign (W (s)) ds

Since [to integrals are martingales it follows that

E[B(t)W(t)] = E [/Ot sign (W (s)) ds} - /OtIE [sign (W (s))] ds = 0.

In the last step, we have used that with probability one half, sign (W (t)) = +1 for
t>0.

Let f(t,z) = 2% We have

0% f

da?

8f_0 af

Lo, ZL=2 = 2.
ot ' or U

Using the It6 formula to compute the differential of dW?(t) yields

dW?(t) = 2W@)dWw () +dt  (qe.d.)
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(iv) We have

d(BO)W?(t)) = B(t)dW?(t) + W?(t)dB(t) + dB(t)dW?(t)
= 2B(OW(t)dW (t) + B(t)dt + W?2(t)sign (W (1)) dW (t)
+2W (t)sign (W(t)) dt.

Integrating both sides yields

Bt)W?3(t) = /02B(S)W(s)dW(s)+/0 B(s)ds+/0 W2 (s)sign (W (s)) dW (s)
—l—/o 2W (s)sign (W (s)) ds.

We take expectation on both sides and again use the martingale property of the Ito

integral to get

E [B(t)W (1) :]E[ /0 B(s)ds + /0 20 (s)sign (W (s)) ds (8)

In order to evaluate the first Riemann integral, we set f(t, x) = tx such that f;(¢,z) =

x and f,(t,x) =t. We apply the It6 formula to obtain the differential of tWW (t) as

d(tB(t)) = B(t)dt + tdB(t).

Integrating and rearranging yields

/OTB(t)dt:TB(T)—/OTtdB(t):/OT(T_t)dB(t)'

The last term is an Ito integral of a deterministic integrand and thus normally

distributed with zero mean and variance

T

/T(T P2t = — 27— | = Lpo
0 3 3

0
It follows that the first term in Equation is zero and we get

E [B()W(t)] = E M 2V (s)sign (W(s)) ds} _E Ut 2 (W (s)| ds}

0
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It is obvious, that the expected value is strictly positive for ¢ > 0 since the integrand
is non-negative and almost surely strictly positive. If B(t) and W (¢) are independent,
then by Theorem 2.2.5 any two function f (B(t)) and g (W (t)) are independent. Now
let g(B(t)) = B(t) and f(W(t)) = W2(t) then by Theorem 2.2.7 independence
implies that E[B(t)W?(t)] = E[B(t)]E[W?(t)]. But since E[B(t)] = 0 we would
require E[B(t)W?(t)] = 0. We have shown above that E[B(t)W?2(¢)] > 0 and thus
B(t) and W(t) are not independent.

Exercise 4.20 (Local time)

(i)
(
1 fz>K
flx) = undefined if x = K
0 < K
)
0 ifex# K
f”(:L‘) — <
undefined if x = K

FOV(T)) = FW(0) + / Lo sy W (8) (9)

Using that by Theorem 3.3.2(i), W(T) ~ N(0,T), we can compute the expected
value of the right hand side as
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= E[(W(T) - K)"]
= /00 (ﬁx—K)+N’(a:)dx

oo
K

= / (\/Ta:—K> N'(z)dx
VT

— \/T/;xN'(x)d:B—KN (—%)
T [ 2 K
= %/jf xe  zdr — KN (_ﬁ)
T 2 K
= e ()

Since the It6 integral is a martingale starting at zero, it has zero expected value and

we get for the right hand side

E[f(W(O))HE[ [ tovwmma] = (- K7
— (0-K)*
- 0.

This shows that Equation @ does not hold.

(iii) The answer to this question is pretty much given in the hints already.

\
,

\

0 ifargK—%
n(e—K)+3 ifK—5 <o<K+g
1 ifv>K+ 5

0 ifz<K—o

n ifK—%<a:<K+%

0 ifz>K+ 5
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(iv) Similar to (iii), there is not too much to add to the hints. We first note that the

intervals of the piecewise function definition have limits

lm{&K—lJ = [0,K)

n—o00 2n

1 1
lim [K——,K—i——} = K

1
lim [K—F%,oo) = (K,0).

n—oo

Thus,

p

0 ife <K
lim f,(z) =
e \a:—K ifx>K
= (x—K)*
(
0 ifx< K
. / . .
lim f(z) = % ifr=K. (10)
1 fxa>K
\

(v) Let M(T) = maxo<i<yr W(T') be the maximum of a fixed Brownian motion path w

during the time interval [0, T]. By assumption, M (T) < K and by definition

T

n—oo

Now, from M(T) < K it follows that there exists an ng such that K — 5~ > M(T) for
all n > ng. Consequently, for all n > ng, the indicator function inside the integral

evaluates to zero for all ¢t € [0,7] and we get Ly (T) = 0.

(vi) Taking expectation on both sides and using that by Theorem 4.3.1(iv) the It6 integral

is a martingale with zero expected value yields
E [Lx(T)] = E [(W(T) ~ K)*] > 0.
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where the inequality follows from our result in (ii). Although it is not immediately
obvious from the final result, it is enough to note that by the normal distribution of
W(T') values of W(T') > K have a strictly positive probability for all finite levels of

K and thus the expectation is strictly positive as well. Now,

P{Lx(T)=0}=1 = E[Lx(T)=0)

and just showed that the implication does not hold. Thus, by contradiction we

cannot have that P{Lg(T) =0} = 1.

Exercise 4.21 (Stop-loss start-gain paradox)

(i)

The stop-loss start-gain strategy involves holding a long position in one share when-
ever the stock price strictly exceeds the strike price and holding no position other-
wise. The crucial point is, that buys and sells are not made at the same price and

thus the hedger incurs a cost every time he enters and unwinds the stock position.

To make it clear, assume that we by one stock whenever the price level K + € is
crossed from below (and we had no position before) and sell one stock whenever the
price level K is crossed from above (and we were long one stock before). Building up
and subsequently unwinding the stock position thus yields to a loss of €. Since the
mathematical model of a geometric Brownian motion is a process with continuous
sample paths, € can theoretically made arbitrarily small. However, smaller values of

¢ lead to more frequent transactions.

Real world stock prices however don’t take values in R but are usually quoted in full
USD-cents. Furthermore, they don’t move continuously but jump. Thus, each time
the stock price crosses the strike price the hedger encounters a friction of at least
one USD-cent. Furthermore, the strategy ignores transaction cost that can become

very significant for high number of buys and sells in the stock.

Taking expectation and using that by Theorem 4.3.1(i) the It6 integral is a martin-
gale with zero expected value yields E [ X (T')] = 0. However,
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E[(S(T) - K)*] = /_ h (5(0) exp {—%UQT + aﬁx} - K>+N’(a:)dw

- o:(sg)))_;@ <S(O) eXP{—%UQT-i-U\/T:c} —K) N'(z)dx

From the second equation and the properties of the normal distribution it is obvious
that the integrand is non-negative everywhere and that it takes strictly positive
values for some values of x. Thus, the expected value is strictly positive as well. In

conclusion

i.e. there are some paths where the stop-loss start-gain strategy does replicate the
option payoff (i.e. all paths where the maximum stock price over the interval [0, T’
is strictly less than K). However, since the expected value of the payoff of the
strategy does not agree with the expected value of the option payoff, we do not have
X(T) = (S(T) — K)* almost surely. This also follows from the result on the local
time in Exercise 4.21. Since a Brownian motion spends a non-zero time at any level
with positive probability, so does it at the strike K. But once the strike is crossed,

the hedger incurs a cost and the exact replication fails.
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