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Exercise 6.1

(i) Let

Alu) = /t " () dW () + /t ' (b(v) - %a%)) v

such that Z(u) = exp{A(u)}. For u = t, both integrals evaluate to zero and thus
A(t) =0and Z(t) = 1. Let f(u,z) = €® with

OF o 9 _o O

ou " Ox © 0z

Applying [t6’s lemma yields for u > ¢

dZ(u) = df(u, A(t))
= Z(u)dA(u) + %Z(u)dA(u)dA(u)

= (b(u) - %a%u)) Z(u)du + o(u)Z(u)dW (u) + %UQ(U)Z(U)CZU
= b(u)Z(u)du + o(u)Z(u)dW (u) (q.e.d.).

(ii) By the It6 product rule, we have
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dX () = d(Y(u)Z(w))
= Y(w)dZ(u) + Z(w)dY (u) + dY (u)dZ (u)
= b(w) X (w)du + o (W)X (w)dW (u) + (alu) — o(w)y(w)) du + v(w)dW (u) + o (w)y(u)du
= (a(u) + b(w) X () du + (v(u) + o (W)X (w) dW(w)  (qe.d.).

Finally, using the previous result for Y (¢) and Z(t) we see that X (¢) = Y (¢)Z(t) = z.

Exercise 6.2 (No-Arbitrage Derivation of Bond-Pricing Equation)

(i) The self-financing portfolio process X (t) is given by

dX(t) = A(O)df (6, R(),T)) + Ao(t)df (t, R(t), To)
+R(t) (X(t) = Ar(6)f (¢, R(t), Th) — Do(t) f (L, R(2), T3)) dt.

Thus, by the It6 product rule,

d(D(t)X(t)) = D(t)dX(t)+ X(t)dD(t)+dD(t)dX(t)
= A(OD)Af (t, R(), Th) + Ao()D(t)df (t, R(t), To)
+R()D(t) (X(t) — Av(@) f (£, R(1), Th) — Do(8) f (¢, R(1), T3)) di
—R(t)D(#)X (t)dt
= A(0)D@) [=R() f (¢, R(), Ty) di + df (¢, R(t), Th)]
+A()D(t) [-R) f (t, R(t), To) dt + df (t, R(t), T»)].

Here, we used that

has zero quadratic variation such that the cross-variation term in the It6 differential
drops out. Assuming that the zero-coupon bond price is smooth enough such that

the It6 formula can be applied, then its differential is given by
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(i)

A R.T) = flt R0, Tt + (1 B, T)AR() + 5 for b, (), TYR(AR()
— St R(E). T)dt + a(t, R()) f,(t, R(t), T)dt + ~(t, R(1)) ,(t, R(t), T)dW (1)

+%72(t, R()) fr(t, R(t), T)dt.

Combining this with the previously obtained dynamics of the discounted portfolio

value yields

d(Dt)X(t)) = A(t)D(t) [-R(@)f (t, R(),T1) + fi (t, R(t),T1) + a(t, R(1)) f, (t, R(t), T1)
+%72(t, R() frr (t, R(t), 1) | dt + Ao D(t) [~R(t) f (t, R(t), T5)

+ft (ta R(t)a T2) + O'/(t’ R(t))fr (ta R(t)a TQ) + %72@7 R(t))frr (t> R(t)v TQ) dt
+D )y (8, B()) [Ar(t) fr (&, R(E), Th) + Da(8) fr (&, B(2), T2)] AW (2).

This is the first equality in Equation (6.9.4). To get the second equality, we simply
substitute g (¢, R(t), T) and obtain

dD(H)X () = A(t)D(t)|alt, R(t)) — B (¢, R(1), T1)] f- (¢, R(t), T1) dt
YA () D(E) [at, R(E) — B (£, R(t), To)] f. (t, R(t), T») dt

+D )y (8 B()) [Ar(t) fr (&, R(1), Th) + Do(8) /i (¢, B(2), T2)| dW(E)  (q.e.d.).

We first note that by construction of the trading strategy

Al(t>fr <t7 R<t)7 Tl) + A2<t>f2 (ta R(t)a T2)
= S(t>f7” (tv R(t)7 Tl) fr (7’, R(t)a TQ) - S(t)fr <t7 R<t)7 Tl) fr (7“, R(t)> T2)
= 0.

Thus, the diffusion term in the dynamics of D(¢)X (¢) vanishes and the portfolio is

instantaneously risk-free. Furthermore,



A1) D(t) [e(t, R(t) — B (¢, R(1), T1)] f (¢, R(2), T1)
(0D [t R(E) — B (1, R(). T £, (8, R(2),T)
= S(t)D<t> [ﬁ <t7 R<t)7 T2> - B (t7 R<t>’ Tl)] f?’ (t, R<t)7 Tl) fT (t7 R(t>7 T2)

> 0.

The last inequality follows from the definition of S(t). For no-arbitrage to exist,
the discounted wealth process of a risk-free portfolio has to be a martingale and
thus, the drift has to vanish. This is only the case if 3 (¢, R(t), T2) = B (t, R(t),T1).
Since Ty and Ty are arbitrary maturities, we conclude that (¢, R(t),T) has to be
independent of T'.

(iii) The discounted portfolio process immediately follows from the result obtained in (i)

by setting 77 = T, Ay (t) = A(t) and Ay(f) = 0 for all £ > 0. Then

d(D()X (1) = A@)D() [-R(E)f( R(@),T) + filt, R(@),T) + alt, R(1)) f+(¢, &(t), T)

+57° (6 R(0) frr (8, R(1), T) | dt + D(t)y(t, R(E) A fo (8, R(E), T)dW ().

1
2
If f.(t, R(t), T) = 0, then the diffusion term vanishes. For no-arbitrage to exist, the
change in the discounted portfolio value must be zero as well. Otherwise a risk-free

profit could be made by taking a long or short position in the risk-free portfolio.

Consequently,

—R(t)f(t, R(t),T) + fu(t,R(t),T) + %WQ(t,R(t))fw(t, R(t),T)=0  (q.e.d.).

Exercise 6.6 (Moment-Generating Function for Cox-Ingersoll-Ross

Process)

(i) Let f(t,x) = e2’z where

of 1. 1y
E—abe Z,

of
ox
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When applying [t6’s formula to compute the differential of f(t, X;(¢)), then the

geometric drift drops out and we obtain

1 1
d <e%thj(t)) — ber"X(t) — 5be%thj (t)dt + 5ae%btdwj(t)
1
= 5aea’”cmg-(t).

Integrating over [0, ¢] yields

1 by
e%thj(t) = X;(0) + 50/0 ez dW;(u)

and thus

The expected value is
1 1 t 1
E[X;(t)] = e 2"X;(0)+ 506_5“1[?, { /0 e2b“dVVj(u)}

where we used that by Theorem 4.3.1, the It6 integral is a martingale starting at

zero. The variance is

Var[X;(8)] = Var {-ae%bt /0 te%bUde(u)}

4
1 u=t
— E0_2671715€bu .
= i02 (1 — e*bt) .
4b



(i)

In the first equality, we used that the term ezl X ;(0) is a constant and thus does
not contribute to the variance of X;(¢). In the third equality we again used that the
[to integral is a martingale starting at zero and fourth equality is a consequence of
the 1t6 isometry (Theorem 4.3.1). Finally, by Theorem 4.4.9, the It6 integral of a

deterministic integrand is normally distributed and we conclude that

X;(t) ~N <e‘$thj(0), %02 (1- e_bt)> (q.e.d.).

Let f(t,x1,29,...,2q) = Z;.lzl x5 where

of of 0*f 0*f
— =0, —=2;, —S=2 —F=0.
ot T Ox ) dxs 7 Oy, 0xy
An application of the multidimensional 1t6 formula yields
dR(t) = df (1, X1(t), Xa(2), ..., Xa(t))
d d
= ) 2X;(0)dX;(t) + Y dX;(t)dX;(t)
j=1 j=1
/1
— Z [<102 - bXJ?(t)) dt + an(t)de(t)]
j=1

- (}la%z - b; Xf(t)) dt + o ; X;(£)dW;(¢)
= (a—bR(t))dt+ 0y  X;(t)dW;(t).

Next, we show that the process

By =3 [ 5 e
= Jo R(s)
is a P-Brownian motion. First observe that by Theorem 4.3.1, each of the Ito
integrals in the definition of B(t) starts at zero, is a martingale and has continuous

sample paths. As a sum over these It6 integrals, the process B(t) inherits these

properties. Furthermore,



1
R(t)
= dt,

dB(t)dB(t) = —in(t)dt

where we used that the Brownian motions W (t), Wa(t), ..., Wy(t) are independent.
By Lévy’s characterization of the Brownian motion (Theorem 4.6.4), it follows that

B(t) is a P-Brownian motion. Consequently,

dR(t) = (a — bR(t))dt + o/RH)AB()  (qe.d.).

(iii) The random variables X;(t) and X(¢) are independent for j # k since the only
source of randomness in the definition of X () is W;(t) for any j and the Brownian
motions W;(t) and Wj(t) are independent for j # k. The mean and standard
deviation are obtained by substituting for X;(0) in the result obtained in part (i).
We get

where

u(t) = e 2% @, v(t) = 4%02 (1—e™) (q.e.d.).

(iv) Following the hint and using that X;(¢) is normally distributed, we get



E [exp {uXJQ(t)}]

_ [ 2 1 CEIO)
= /_OO exp {u:v } 270 exp { 20(1) } d
I ) 1 @ = 2ap(t) + 12 (1) .
= /_OO exp {uz’} D) exp { 0 } d
Y 1 2 (1 = 2uv(t) = 2zp(t) + 12 (1) .
" ) T { 20(t) } !
12 (1)
- {‘2v<t> }
/OO 1 {_x2(1 —2uv(t)) — 2xpu(t) = p?(t) /(1 — 2uv(t))? } p
e o) P 20(t)
a pA()(1 = 1/(1 — 2uv(t)))
- {‘ 20(t) }
~ ) (g; 1= 200(t) — pu(t)/ /1= 2uv(t)> ]
/oo NZ IO 20(t) -
2 (Hu
- o { 1 —2uw(t) }
* 1 {_ (L= 2u0(t)) (& — p(t)/(1 = 2uv(t)))” } ;
exp x.
—oo v/ 270(t) 2v(t)

_ 1 uQ(t)u
/ 1-— 2uv { /(1 = 2uv(t)))? } s
\/ 2mu(t 1 — 2uw(t)) '

The integrand is the density of a normal random variable with distribution

p(t) v(t)
N (1 —2uu(t)’ 1 — 2uv(t))

and thus the integral evaluates to one. We get

1 o { w2 (t)u

B e {uX20)] = e { 0L (wed)

This expression is only well defined if

1 —2uv(t) >0 & u <

X



(v) We have

Elexp{uR(t)} = E eXp{uZXj(t)}]

_ E IIexp{u)@(@}]

Lj=1

d

= H E [exp {uX;()}]

Jj=1

= ElppXO
= (r=mam) i)

where we used that the Xj(¢) are independent and identically distributed in the
third and fourth equality. Alternatively, we could have directly applied Theorem
2.2.7 which states that the joint moment generating function factors for sums of

independent random variables. Now substituting for pu(t) and d yields

2a/0? oSt u
E[exp{uR(t)}]:(%) exp{io)} (qe.d).

1 — 2uw(t)

Exercise 6.8 (Kolmogorov Backward Equation)

Let h(y) be a Borel measurable function and define

mumzﬁmwmwTMf@n:th@mwTwwMy

The lower bound at zero is due to the assumption of X (¢) being strictly positive. By

Lemma 6.4.2, g(t, X (t)) is a martingale. Its partial derivatives are

gi(t,x) = /Oooh(y)pt(t,T,x,y)dy
gut,0) = Amh@mﬁtﬂxwﬂy
Guu (8, 7) :!Ammwmaunxwmy

The differential of g(t, ) is



dg(t, X(t)) = g(t, X(1))dt + g.(¢, X (£))dX (1) + %gm(t X(t)(dX(1))*

= gu(t, X(8))dt + B(t, X (1))ga(t, X (1)) dt + (L, X (1)) g (8, X (£))dW (2)
570 X (0)gealt, X (1))
Since ¢(t, X (t)) is a martingale, the drift term has to be equal to zero

(1, X (0)) + B X(0)gult, X(0) + 570 X(0)gunlt, X(0)) = 0

Substituting the derivatives yields

0= /OOo h(y) [pt(t, Tyz,y) + B X(@)pa(t, T, 2, y) + %72(@ X(1))paa(t, T, 2, y) | dy

In order for this equation to hold for all values of h(y) > 0, we require

_pt(tv T7 €, y) = 5(t7 X(t>>pw<t7 T> Z, y) + %72@7 X(t»pxz (ta T7 €, y) (qed>

Exercise 6.10 (Implying the Volatility Surface)

(i) We get

_ /:(y - K)(% (ryp(0,T,z,y)) dy

= —(y— K)ryp(0, Tz, y)l)_x +/ ryp(0, T, x, y)dy
K

= / ryp(0, T, z,y)dy (q.e.d.).
K

Here, we used the assumption given in Equation (6.9.55) in the last step.

(ii) We get
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1/00<y ~K) 82 (o*(T, 9)y*p(0, T, z,y)) dy

2 Jx dy?
= 1(y — K)2 (*(T,y)y*p(0, T, z,y)) Tl 1/oo 9 (o*(T,y)y*p(0, T, z,y)) dy
2 ay ) ) b b y:K 2 K ay b ) b )
B 1 [~o0,, 9 -
= 5/}{ 3y (o*(T,y)y*p(0,T,z,y)) dy
1, 2~ e
= _50- (TJ y)y p(()?Tax?y)
y=K

1
= 5aQ(T,K)K%a(o,T,I,K) (q.e.d.).

Here, we used the assumption given in Equation (6.9.57) in the second equality and

the assumption given in Equation (6.9.60) in the fourth equality.

(iii) Starting from Equation (6.9.53), we get

cr(0, T, z, K)

e}

(0T, K) 4 T / (y — K)pr(0,T, 2, y)dy
K

= —7’6_”/ (y — K)p(0,T,z,y)dy
K

> 0 1 02
—rT ~ 2 2~
+e /K (y — K) (_a_y (Typ(O,Tw,y) + 2952° (T,y)y p(O,T,x,y))> dy
= —Te_rT/ (y — K)p(0, T, z,y)dy + re‘rT/ yp(0,T, z,y)dy
K K

1
+§e—’“T02(T, K)K?*p(0,T,z, K)

> 1
= rKe_TT/ p(0, T, x,y)dy + §e_TT02(T, K)K*p(0,T,z,K).
K

This is the first equality in Equation (6.9.59). Here, we used the Kolmogorov forward
equation from Equation (6.9.51) in the second equality and the results from (i) and
(ii) in the third. Next, we use the result from Exercise 5.9, namely that the risk-

neutral distribution can be represented as

p(0,T,x,K) = eTTcKK(O,T,x, K).
Thus
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CT(O, T, x, K)

> 1
= TK/ CKK(O,T,a:,y)dy+502(T,K)K2CKK(O,T,x,K)
K

_ 1
= rKex(0,T,2,y)5-% + 502(7} K)K?ck(0,T, 2z, K)

1
= —rKcg(0,T,2,K) + 502(T, K)K?ckr(0,T, z, K) (q.e.d.),

where we used that

lim ¢(0,7,z,K)=0
K—oo

and thus

lim CKK(O,T,JJ,K) =0.
K—oo
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